Abstract. For any right-angled Coxeter group Γ on k generators, we construct proper actions of Γ on O(p, q + 1) by right and left multiplication, and on the Lie algebra o(p, q + 1) by affine transformations, for some p, q ∈ N with p + q + 1 = k. As a consequence, any virtually special group admits proper affine actions on some R n : this includes e.g. surface groups, hyperbolic 3-manifold groups, examples of word hyperbolic groups of arbitrarily large virtual cohomological dimension, etc. We also study some examples in cohomological dimension two and four, for which the dimension of the affine space may be substantially reduced.
Introduction
Tiling space with regular shapes is an old endeavor, both practical and ornamental. It is also at the heart of crystallography, and Hilbert, prompted by recent progress in that discipline, asked in his 18th problem for a better understanding of regular tilings of Euclidean space R n . In 1910, Bieberbach [Bi] gave a partial answer by showing that a discrete group Γ acting properly by affine isometries on R n has a finite-index subgroup acting as a lattice of translations on some affine subspace R m . Moreover, m = n if and only if the quotient Γ\R n is compact, and the number N n of such cocompact examples Γ up to affine conjugation is finite for fixed n. Crystallographers had known since 1891 that N 2 = 17 and N 3 = 219 (or 230 if chiral meshes are counted twice), a result due independently to Schoenflies and Fedorov.
The picture for affine actions becomes much less familiar in the absence of an invariant Euclidean metric. The Auslander conjecture [Au] states that if Γ acts properly discontinuously and cocompactly on R n by affine transformations, then Γ should be virtually (i.e. up to finite index) solvable, or equivalently [Mi] , virtually polycyclic. This conjecture has been proved up to dimension six [FG, AMS5] and in certain special cases [GoK, T, AMS4] , but remains wide open in general.
In 1983, Margulis [M1, M2] constructed the first examples of proper actions of nonabelian free groups Γ on R 3 , answering a question of Milnor [Mi] . These actions do not violate the Auslander conjecture because they are not cocompact. They preserve a natural flat Lorentzian structure on R 3 and the corresponding affine 3-manifolds are now known as Margulis spacetimes. Drumm [Dr] constructed more examples of Margulis spacetimes by building explicit fundamental domains in R 3 bounded by polyhedral surfaces called crooked planes; it is now known [CDG, DGK2, DGK6] that all Margulis spacetimes are obtained in this way. Abels-Margulis-Soifer [AMS2, AMS3] have studied proper affine actions by free groups whose linear part is Zariskidense in an indefinite orthogonal group, showing that such actions exist if and only if the signature is, up to sign, of the form (2m, 2m − 1). Recently, Smilga [S1] generalized Margulis's construction and showed that for any noncompact real semisimple Lie group G there exist proper actions, on the Lie algebra g R dim(G) , of nonabelian free discrete subgroups of G g acting affinely via the adjoint action, with Zariski-dense linear part; Margulis spacetimes correspond to G = PSL(2, R) SO(2, 1) 0 . More recently, he gave a sufficient condition [S2] (also conjectured to be necessary) for an algebraic subgroup of GL(n, R) R n to admit a Zariski-dense nonabelian free discrete subgroup acting properly on R n .
1.1. New examples of proper affine actions. The existence of proper affine actions by nonabelian free groups suggests the possibility that other finitely generated groups which are not virtually solvable might also admit proper affine actions. However, in the more than thirty years since Margulis's discovery, very few examples have appeared. In particular, until now, all known examples of word hyperbolic groups acting properly by affine transformations on R n were virtually free groups. In this paper, we give many new examples, both word hyperbolic and not, by establishing the following.
Theorem 1.1. Any right-angled Coxeter group on k generators admits proper affine actions on R k(k−1)/2 .
We note that right-angled Coxeter groups, while simple to describe in terms of generators and relations, have a rich structure and contain many interesting subgroups. As a first example, the fundamental group of any closed orientable surface of negative Euler characteristic embeds as a finiteindex subgroup in the right-angled pentagon group. Since any right-angled Artin group embeds into a right-angled Coxeter group [DJ] , we obtain the following answer to a question of Wise [W2, Problem 13.47] .
Corollary 1.2. Any right-angled Artin group admits proper affine actions on R n for some n ≥ 1. See e.g. [BB] for interesting subgroups of right-angled Artin groups, for which Corollary 1.2 provides proper affine actions. Haglund-Wise [HW1] proved that the fundamental group of any special nonpositively curved cube complex embeds into a right-angled Artin group. Thus we obtain: Corollary 1.3. Any virtually special group admits proper affine actions on R n for some n ≥ 1.
Virtually special groups include:
• all Coxeter groups (not necessarily right-angled) [HW2] ;
• all cubulated word hyperbolic groups, using Agol's virtual specialness theorem [Ag] ; • all fundamental groups of closed hyperbolic 3-manifolds, using [Sag, KM] : see [BW] ; • the fundamental groups of many other 3-manifolds, see [W1, L, PW] . Januszkiewicz-Światkowski [JS] proved the existence of word hyperbolic right-angled Coxeter groups of arbitrarily large virtual cohomological dimension; see also [O] for another construction. Hence another consequence of Theorem 1.1 is: Corollary 1.4. There exist proper affine actions by word hyperbolic groups of arbitrarily large virtual cohomological dimension.
The Auslander conjecture is the statement that a group acting properly discontinuously by affine transformations on R n is either virtually solvable, or has virtual cohomological dimension < n. In the examples from Theorem 1.1, the dimension n = k(k−1)/2 of the affine space grows quadratically in the number of generators k, while the virtual cohomological dimension of the Coxeter group acting is naively bounded above by k (and is even much smaller in the examples above [JS, O] ). Hence, Corollary 1.4 is far from giving counterexamples to the Auslander Conjecture.
1.2. Proper actions on Lie algebras. The proper affine actions in Theorem 1.1 are obtained in the following way. Let G be a real Lie group. It acts linearly on its Lie algebra g R dim(G) by the adjoint action, and G g acts affinely on g by (g, w) · v = Ad(g)v + w. Let Γ be a discrete group. A group homomorphism from Γ to G g is given by a group homomorphism ρ : Γ → G and a map u : Γ → g which is a ρ-cocycle, i.e. satisfies
for all γ 1 , γ 2 ∈ Γ. For instance, for any smooth path (ρ t ) t∈I in Hom(Γ, G) (where I is an open interval) and any t ∈ I, the map u t : Γ → g given by
it is the unique ρ t -cocycle such that for all γ ∈ Γ,
The cocycles in this paper will all be constructed in this way. (In general there may exist cocycles not of this form: see [LM, §2] .) We prove the following.
Theorem 1.5. For any irreducible right-angled Coxeter group Γ on k generators, there exist p, q ∈ N with p + q + 1 = k and a smooth path (ρ t ) t∈I in Hom(Γ, G) of faithful and discrete representations into G := O(p, q + 1) (where I is a nonempty open interval) such that for any t ∈ I, the affine
t ) is properly discontinuous. Full properness criteria for actions on o(2, 1) psl(2, R) with convex cocompact linear part were provided in [GLM] in terms of the so-called Margulis invariant, and in [DGK1] in terms of uniform contraction in the hyperbolic plane H 2 (see Theorem 3.3.(2) and Remark 3.4). Here we establish sufficient conditions for properness on o(p, q + 1) in terms of uniform spacelike contraction in the pseudo-Riemannian analogue H p,q of hyperbolic space in signature (p, q) (Theorem 3.6.(2)). In order to prove Theorem 1.5, we then construct explicit representations and uniformly contracting cocycles for irreducible right-angled Coxeter groups.
Since any right-angled Coxeter group is a direct product of irreducible ones, we obtain Theorem 1.1 by applying Theorem 1.5 to each irreducible factor and then taking the direct sum of the resulting affine actions.
We also use the same techniques as in Theorem 1.5 to construct, in some specific cases, examples of proper affine actions on g = o(p, q + 1) where p + q + 1 is smaller than the number k of generators of Γ. Proposition 1.6. (a) For any even k ≥ 6, the group Γ generated by reflections in the sides of a convex right-angled k-gon of H 2 admits proper affine actions on g = o(3, 1) R 6 .
(b) The group Γ generated by reflections in the faces of a 4-dimensional regular right-angled 120-cell admits proper affine actions on g = o(8, 1) R 36 .
The group Γ is virtually the fundamental group of a closed surface of genus ≥ 2 in (a), and of a closed hyperbolic 4-manifold in (b). Both examples follow from a general face-coloring method explained in Proposition 5.1.
Whereas the examples of proper affine actions of free groups of Margulis, Drumm, Abels-Margulis-Soifer, and Smilga all relied to some degree on the idea of free groups playing ping pong on R n , here we use a metric method in the spirit of [DGK1, DGK2, DGK6] to prove Theorem 1.5, which we explain in Section 3.
1.3. Proper actions on Lie groups. Following the strategy of [DGK1, DGK2] , we also view the proper affine actions on the Lie algebra g in Theorem 1.5 as "infinitesimal analogues" of proper actions on the corresponding Lie group G. Here we consider the action of G × G by right and left multiplication: (g 1 , g 2 ) · g = g 2 gg −1 1 . Given a discrete group Γ, not all pairs (ρ, ρ ) ∈ Hom(Γ, G) 2 = Hom(Γ, G × G) give rise to proper actions of Γ on G:
for instance, if ρ = ρ , then the action has a global fixed point in G. We prove the following "macroscopic versions" of Theorem 1.5 and Proposition 1.6. Theorem 1.7. For any irreducible right-angled Coxeter group Γ on k generators, there exist p, q ∈ N with p + q + 1 = k and a smooth path (ρ t ) t∈I in Hom(Γ, G) of faithful and discrete representations into G := O(p, q + 1) (where I is a nonempty open interval) such that for any t < t in I, the action of Γ on G by right and left multiplication via (ρ t , ρ t ) is properly discontinuous.
In general, it is easy to obtain proper actions on G by right and left multiplication by considering a discrete group Γ, a representation ρ ∈ Hom(Γ, G) with finite kernel and discrete image, and a representation ρ ∈ Hom(Γ, G) with bounded image (for instance the constant representation, with image {e} ⊂ G): such proper actions are often called standard. The point of Theorem 1.7 is to build nonstandard proper actions on G, where both factors are faithful and discrete -and in fact, can be arbitrarily close to each other.
Full properness criteria for proper actions on O(n, 1) via (ρ, ρ ) with ρ geometrically finite were provided in [K2, GuK] in terms of uniform contraction in H n (see Theorem 3.3.(2) and Remark 3.4). Here, in order to prove Theorem 1.7, we establish sufficient conditions for properness on O(p, q + 1) in terms of uniform contraction in H p,q (Theorem 3.6.(1)).
We also construct examples of proper actions on G = O(p, q + 1) where p + q + 1 is smaller than the number k of generators of Γ, in the same cases as for Proposition 1.6. Proposition 1.8. (a) For any even k ≥ 6, the group Γ generated by reflections in the sides of a convex right-angled k-gon in H 2 admits proper actions on G = O(3, 1) by right and left multiplication via pairs (ρ, ρ ) ∈ Hom(Γ, G) 2 with ρ, ρ both faithful and discrete.
(b) The group Γ generated by reflections in the faces of a 4-dimensional regular right-angled 120-cell admits proper actions on G = O(8, 1) by right and left multiplication via pairs (ρ, ρ ) ∈ Hom(Γ, G) 2 with ρ, ρ both faithful and discrete. Remark 1.9. For p ≥ 1, the group G = O(p, q + 1) has four connected components. The proper actions on G constructed in Theorem 1.7 and Proposition 1.8 all yield proper actions on the identity component G 0 .
For p = 2 and q = 0, the identity component G 0 = O(2, 1) 0 PSL(2, R) is the so-called anti-de Sitter 3-space AdS 3 , a Lorentzian analogue of H 3 . The group of orientation-preserving isometries of AdS 3 identifies with the quotient of the four diagonal components of G × G by {±(I, I)}, acting on G 0 by right and left multiplication. Many examples of proper actions on AdS 3 were constructed since the 1980s, see in particular [KR, Sal, K2, GuK, GKW, DT] .
Examples of nonstandard cocompact proper actions on O(n, 1) by right and left multiplication for n > 2 were constructed in [Gh, K] , using deformation techniques. After we announced the results of this paper, LakelandLeininger [LL] found examples of nonstandard cocompact proper actions on O(3, 1) and O(4, 1) by right-angled Coxeter groups which cannot be obtained from standard proper actions by deformation. Note that for cocompact proper actions on O(n, 1) by right and left multiplication via (ρ, ρ ), exactly one of ρ or ρ has finite kernel and discrete image [K1, GuK] . On the other hand, in the noncompact proper actions that we construct in Theorem 1.7 and Proposition 1.8, both ρ, ρ have finite kernel and discrete image.
1.4. Plan of the paper. In Section 2 we recall some background on properly convex sets and pseudo-Riemannian hyperbolic spaces H p,q . In Section 3 we state some sufficient criteria for properness, expressed in terms of uniform contraction in H p,q . In Section 4 we prove these criteria for the Riemannian case q = 0 (Theorem 3.3) and in Section 5 we give examples in H 3 and H 8 , establishing Propositions 1.6 and 1.8. In Section 6 we prove the criteria for general H p,q (Theorem 3.6). In Section 7 we prove Theorems 1.5 and 1.7 (hence also 1.1) by constructing appropriate families of representations (ρ t ) t∈I to which we can apply Theorem 3.6.
Notation and reminders
In this section we briefly set up some notation and recall some useful definitions and basic facts on properly convex domains in projective space and on the pseudo-Riemannian hyperbolic spaces H p,q .
2.1. Properly convex domains in projective space. Let V be a real vector space of dimension ≥ 2. Recall that an open subset Ω of P(V ) is said to be properly convex if it convex and bounded in some affine chart of P(V ). There is a natural metric d Ω on Ω, the Hilbert metric:
for all distinct x, y ∈ Ω, where [·, ·, ·, ·] is the cross-ratio on P 1 (R), normalized so that [0, 1, y, ∞] = y, and where a, b are the intersection points of ∂Ω with the projective line through x and y, with a, x, y, b in this order. The metric space (Ω, d Ω ) is proper (i.e. closed balls are compact) and complete, and the group Aut(Ω) := {g ∈ PGL(V ) | g · Ω = Ω} acts on Ω by isometries for d Ω . As a consequence, any discrete subgroup of Aut(Ω) acts properly discontinuously on Ω.
By definition, the dual convex set of Ω is
where Ω is the closure Ω. The set Ω * is a nonempty properly convex open subset of P(V * ) preserved by the dual action of Aut(Ω) on P(V * ). We can use any nondegenerate symmetric bilinear form ·, · on V to view Ω * as a properly convex subset of
Remark 2.1. It follows from the definition that if Ω ⊂ Ω are nonempty properly convex open subsets of P(R n+1 ), then the corresponding Hilbert metrics satisfy
2.2. The pseudo-Riemannian space H p,q . For p, q ∈ N with p ≥ 1, let R p,q+1 be R p+q+1 endowed with a symmetric bilinear form ·, · p,q+1 of signature (p, q + 1). We set
The form ·, · p,q+1 induces a pseudo-Riemannian metric g p,q of signature (p, q) on H p,q . Explicitly, the metric g p,q at a point [v] is obtained from the restriction of ·, · p,q+1 to the tangent space at v/ − v, v p,q+1 to the hypersurface
a double cover of H p,q with covering group {±I}. The sectional curvature of g p,q is constant negative, hence H p,q can be seen as a pseudo-Riemannian analogue of the real hyperbolic space
The isometry group of the pseudo-Riemannian space
The set H p = H p,0 is a properly convex open subset of P(R p,1 ), and the Hilbert metric d H p on H p coincides with the standard hyperbolic metric. On the other hand, for q ≥ 1 the space H p,q is not convex in P(R p,q+1 ). The boundary of H p,q in P(R p,q+1 ), given by
is a quadric which at each point has p − 1 positive and q negative principal curvature directions.
For any x ∈ H p,q , a nonzero vector v ∈ T x H p,q and the geodesic line L it generates are called spacelike (resp. lightlike, resp. timelike) if g p,q
x (v, v) is positive (resp. zero, resp. negative). The line L is the intersection of H p,q with a projective line meeting ∂H p,q in two (resp. one, resp. zero) points: see Figure 1 . In general, the totally geodesic subspaces of H p,q are exactly the intersections of H p,q with projective subspaces of P(R p,q+1 ). As in [GM] , we shall use the following convention.
Notation 2.2. If x, y ∈ H p,q are distinct points belonging to a spacelike line, we denote by d H p,q (x, y) > 0 the pseudo-Riemannian distance between x and y, obtained by integrating √ g p,q over the geodesic path from x to y. If x, y ∈ H p,q are equal or belong to a lightlike or timelike line, we set
Consider distinct points x, y ∈ H p,q lying on a spacelike line. The distance can be computed directly from the formula:
wherex,ỹ ∈ R p,q+1 are respective lifts of x, y with x,x p,q+1 = ỹ,ỹ p,q+1 = −1. The following Hilbert geometry interpretation, well-known in the H p setting, will also be useful:
where [·, ·, ·, ·] is the cross-ratio on P 1 (R), normalized so that [0, 1, y, ∞] = y, and where a, b are the two intersection points of ∂H p,q with the projective line through x and y, with a, x, y, b in this order. Note that when q > 0, the function d H p,q is not a distance function on H p,q in the usual sense: for many triples it does not satisfy the triangle inequality. See [GM, § 3] for further discussion of this issue.
2.3. The Lie algebra o(p, q + 1). The Lie algebra o(p, q + 1) identifies with the set of Killing vector fields on H p,q , i.e. of vector fields whose flow is isometric: an element Y ∈ o(p, q + 1) corresponds to the Killing field
On the other hand, the Lie algebra o(p, q + 1) identifies with R p ,q where
Indeed, o(p, q + 1) is a real vector space of dimension (p + q + 1)(p + q)/2 endowed with a natural nondegenerate symmetric bilinear form κ p,q+1 , the Killing form, of signature (p , q ). This form is invariant under the adjoint action of O(p, q + 1) on o(p, q + 1). Using geometric properties of actions on H p,q , we shall construct proper affine actions on o(p, q + 1) R p ,q .
3. A sufficient condition for properness: uniform contraction in (pseudo-Riemannian) hyperbolic spaces
In this section we state some sufficient conditions for the properness of actions of discrete groups on O(p, q + 1) and o(p, q + 1). We shall use these conditions to prove Theorems 1.5 and 1.7, and Propositions 1.6 and 1.8.
In the whole section, we consider, for a Lie group G with Lie algebra g:
• the action of G×G on G by right and left multiplication:
3.1. Uniform contraction in H p and proper actions on O(p, 1) and o(p, 1). We start with the case q = 0.
Definition 3.1. Let G = O(p, 1) for p ≥ 1. Let Γ be a discrete group and ρ : Γ → G a representation.
(1) A representation ρ : Γ → G is uniformly contracting with respect to ρ if there is a (ρ, ρ )-equivariant map f :
(2) A ρ-cocycle u : Γ → g is uniformly contracting if there is a (ρ, u)-equivariant vector field X on H p which is c-lipschitz (lowercase 'l') for some c < 0, i.e. for all x, y ∈ H p ,
In (2), by (ρ, u)-equivariant we mean that
for all γ ∈ Γ and x ∈ H p , where we see u(γ) as a Killing vector field on H p as in Section 2.3. The (ρ, u)-equivariance of X entails that both sides of (3.1) are invariant under replacing (x, y) with (ρ(γ) · x, ρ(γ) · y). 
0 are as in (1.2), then for any smooth family of (ρ 0 , ρ t )-equivariant maps f t :
If moreover there exists c < 0 with Lip(f t ) ≤ 1 + ct for all small t > 0, then X is c-lipschitz. This is how we will produce all the equivariant contracting vector fields that appear in this paper.
With this terminology, here are some sufficient conditions for properness.
Theorem 3.3. Let G = O(p, 1) for p ≥ 1. Let Γ be a discrete group and ρ : Γ → G a representation with finite kernel and discrete image.
(1) (see [Sal, K2, GuK] ) If a representation ρ : Γ → G is uniformly contracting with respect to ρ, then the action of Γ on G by right and left multiplication via (ρ, ρ ) is properly discontinuous, and the
Theorem 3.3.(1) was proved in [GuK, Prop. 7.2] . It first appeared in [Sal, K2] for p = 2 without the statement that (ρ, ρ )(Γ)\G fibers over ρ(Γ)\H 2 . Theorem 3.3.(2) was proved in [DGK1, Prop. 6 .3] for p = 2; the proof given there works without changes for any p ≥ 2, as we shall see in Section 4.2.
Remark 3.4. When ρ is geometrically finite, the converse to Theorem 3.3.(1) holds up to switching ρ and ρ : this was proved in [K2] for p = 2 and convex cocompact ρ, and in [GuK] in general.
For p = 2 and convex cocompact ρ, the converse to Theorem 3.3.(2) holds up to replacing u by −u, by [DGK1, Th. 1.1]; a similar statement for geometrically finite ρ will be proved in [DGK6] . We believe that this fails for p = 3, as o(3, 1) psl(2, C) has a complex structure and properness (unlike uniform contraction) is unaffected when we multiply a cocycle by a nonzero complex number.
Using Theorem 3.3, we can already construct proper actions on O(p, 1) and o(p, 1) for certain right-angled Coxeter groups: see Section 5.
3.2. Uniform spacelike contraction in H p,q and proper actions on O(p, q + 1) and o(p, q + 1). In order to prove Theorem 1.1 and construct proper affine actions for any right-angled Coxeter group, we consider the group G = O(p, q + 1) for any p, q ∈ N with p + q ≥ 1, acting on the pseudoRiemannian hyperbolic space H p,q of Section 2.2. Recall Notation 2.2 for d H p,q . We shall use the following terminology extending Definition 3.1.
Definition 3.5. Let G = O(p, q + 1) for p, q ∈ N with p + q ≥ 1. Let Γ be a discrete group and ρ : Γ → G a representation with finite kernel and discrete image, preserving a nonempty properly convex open subset Ω of H p,q .
(1) A representation ρ : Γ → G is uniformly contracting in spacelike directions with respect to (ρ, Ω) if there exist a nonempty ρ(Γ)-invariant subset O of Ω (e.g. Ω itself, or a single ρ(Γ)-orbit) and a
In (2), by (ρ, u)-equivariant we mean that X satisfies (3.2) for all γ ∈ Γ and x ∈ O, where we see u(γ) as a Killing vector field on H p,q as in Section 2.3.
Given a smooth family of maps f t : Ω → H p,q (for t ≥ 0) such that f 0 = Id Ω and f t is (1 + ct)-Lipschitz in spacelike directions, note that, as in Example 3.2, the derivative vector field X(
The following result, proved in Section 6 below, generalizes Theorem 3.3. Recall that a representation into GL(R p,q+1 ) is called strongly irreducible if its image does not preserve any nonempty finite union of nonzero proper linear subspaces of R p,q+1 . An element g ∈ End(R p,q+1 ) is called proximal in P(R p,q+1 ) if it has a unique eigenvalue of maximal modulus, counting multiplicities; equivalently, g admits a unique attracting fixed point in P(R p,q+1 ).
Theorem 3.6. Let G = O(p, q + 1) for p, q ∈ N with p + q > 1. Let Γ be a discrete group and ρ : Γ → G a representation with finite kernel and discrete image, preserving a nonempty properly convex open subset Ω of H p,q .
(1) Let ρ : Γ → G be a strongly irreducible representation such that ρ (Γ) contains a proximal element. If ρ is uniformly contracting in spacelike directions with respect to ρ and Ω, then the action of Γ on G by right and left multiplication via (ρ, ρ ) is properly discontinuous. (2) Let u : Γ → g be a ρ-cocycle. If u is uniformly contracting in spacelike directions with respect to Ω, then the affine action of Γ on g R (p+q+1)(p+q)/2 via (ρ, u) is properly discontinuous. This action preserves the Killing form κ p,q+1 on g, of signature given by (2.4).
We deduce Theorems 1.5 and 1.7 (hence Theorem 1.1) from Theorem 3.6 by constructing representations, cocycles, and equivariant maps and vector fields, all explicit, which are uniformly contracting in spacelike directions. This is done by deforming the canonical representation of a Coxeter group on k generators in GL(k, R): see Section 7.
Uniform contraction in H p implies properness
In this section we give a proof of Theorem 3.3. Suppose ρ : Γ → O(p, 1) is uniformly contracting with respect to ρ, and let f : H p → H p be a (ρ, ρ )-equivariant map which is C-Lipschitz for some C < 1. The group O(p) × O(1) is the stabilizer in O(p, 1) of some point of H p . Therefore, for any x ∈ H p ,
is a right-and-left translate of O(p) × O(1). An element g ∈ O(p, 1) belongs to L x if and only if x is a fixed point of g −1 • f ; since Lip(g −1 • f ) = Lip(f ) < 1, such a fixed point exists and is unique for each given g, meaning that g belongs to exactly one set L x . We denote this x by Π(g). The fibration Π :
for all γ ∈ Γ and x ∈ H p . Since the action of Γ on H p via ρ is properly dis- 4.2. Properness for affine actions on o(p, 1). We now recall the proof of Theorem 3.3.(2) which was given in [DGK1, § 6.2] for p = 2. This proof actually works for any p ≥ 2, and runs parallel to that of Section 4.1. Suppose the ρ-cocycle u : Γ → o(p, 1) is uniformly contracting, and let X : H p → T H p be a (ρ, u)-equivariant vector field on H p which is c-lipschitz for some c < 0. The Lie algebra o(p) is the set of Killing vector fields on H p that vanish at some specific point of H p . Therefore, for any x ∈ H p , Moreover, π : o(p, 1) → H p is by construction ((ρ, u), ρ)-equivariant:
proving (4.1).
Since the action of Γ on H p via ρ is properly discontinuous, by ((ρ, u), ρ)-equivariance the affine action of Γ on o(p, 1) via (ρ, u) is properly discontinuous. The fibration π descends to a topological fibration of the quotient (ρ, u)(Γ)\o(p, 1), with base ρ(Γ)\H p and fiber o(p).
Remark 4.2. The fibers x , for x ∈ H p , are affine subspaces of o(p, 1) which are negative for the Killing form κ p,1 on o(p, 1) (see Section 2.3) and maximal for this property.
Examples of proper actions on O(p, 1) and o(p, 1) for small p
In this section we prove Propositions 1.6 and 1.8.
Uniformly contracting maps obtained by colorings.
Our proof is based on the following construction.
Proposition 5.1. Let Γ be a discrete subgroup of O(p, 1) generated by the reflections {γ i } 1≤i≤k in the faces {F i } 1≤i≤k of a convex compact right-angled polyhedron of H p . Let v i = (w i , 1) ∈ R p,1 be normal vectors to the F i . Suppose there exists a "coloring" σ : {1, . . . , k} → {0, . . . , c} such that σ(i) = σ(j) when F i intersects F j . Let u 0 , . . . , u c be the vertices of a regular simplex inscribed in the unit sphere of R c . For any t ∈ R, we set
Then for any t ∈ R, the representation ρ t : Γ → O(p + c, 1) taking γ i to the orthogonal reflection in (v t i ) ⊥ ⊂ R p+c,1 is well defined, and for small enough |t| it is faithful and discrete. Moreover, for any 0 < t < t with t small enough, there exists a (ρ t , ρ t )-equivariant,
To prove that ρ t is well defined, we only need to check that v t i , v t j p+c,1 = 0 when F i intersects F j . Since v i , v j p,1 = 0 we have w i , w j p,0 = 1, and u σ(i) , u σ(j) c,0 = −1/c. Therefore
For small enough |t| the representation ρ t is faithful and discrete because it is a small deformation of the convex cocompact Fuchsian representation ρ 0 (valued in O(p, 1) ⊂ O(p + c, 1)). We now assume that t > 0 is such that ρ t is faithful and discrete, and fix t > t. Let P t ⊂ P(R p+c,1 ) be the polytope bounded by the P(v t i ) ⊥ for 1 ≤ i ≤ k, so that P t ∩ H p+c is the fundamental polyhedron of ρ t (Γ). Define similarly P t . In the affine chart {x p+c+1 = 1} of P(R p+c,1 ), the linear transformation
sinh(t ) Id R c takes P t to P t . The restriction of f to P t ∩ H p+c can be (ρ t , ρ t )-equivariantly, continuously extended by reflections in the faces of P t and P t , yielding a (ρ t , ρ t )-equivariant map f t t : H p+c → H p+c . By the triangle inequality, it only remains to show that
cosh(t ) -Lipschitz. Since the ellipsoid f (H p+c ) is contained in the ball of radius cosh(t) cosh(t ) (itself contained in the unit ball H p+c of the chart), the result is an immediate consequence of the following Lemma 5.2, which quantifies Remark 2.1.
Lemma 5.2. Fix a Euclidean chart R n of P n (R). If B r denotes the ball of radius r in R n centered at 0, then the Hilbert metrics satisfy d Br (x, y) ≥ d B 1 (x, y)/r for any r ∈ (0, 1) and x, y ∈ B r .
Proof. Consider a line of the Euclidean chart R n through points x, y ∈ B 1 , with ∩B 1 = {a, b} and a, x, y, b lying in this order on . We can parametrize at unit velocity by (x t ) t∈R so that (a, x, y, b) = (x −α , x 0 , x δ , x β ) for some δ, α, β > 0. We have
The factor ν B 1 ,x := (α −1 + β −1 )/2 expresses the Finsler norm associated to the Hilbert metric d B 1 near x, in the direction of , in terms of the ambient Euclidean norm. If we replace B 1 with a scaled ball B 1−t for some t > 0, then the new endpoints of ∩ B 1−t lie at linear coordinates −α t and β t such that
where we use α t + β t ≤ 2 − 2t for the last inequality. Integrating this logarithmic derivative over t ∈ [0, 1 − r], we find ν
,x /r. This is valid for all and x, hence d Br ≥ d B 1 /r.
5.2.
Proof of Propositions 1.6 and 1.8. Let Γ be the discrete subgroup of O(2, 1) generated by the reflections in the faces of a convex right-angled k-gon in H p = H 2 , for k ≥ 6 even. Color the sides of the k-gon, alternatingly, with labels 0 and 1. Applying Proposition 5.1 with c = 1 yields, for small enough 0 < t < t , faithful and discrete representations ρ t , ρ t : Γ → H 3 and (ρ t , ρ t )-equivariant, cosh(t) cosh(t ) -Lipschitz maps f t t : H 3 → H 3 (Figure 2 shows a fundamental polyhedron). In particular, ρ t is uniformly contracting with respect to ρ t (Definition 3.1), and by Example 3.2 the ρ t -cocycle
cosh(τ ) = − tanh(t) < 0. Applying Theorem 3.3, we obtain Propositions 1.8.(a) and 1.6.(a). Figure 2 . A fundamental domain P t ∩H 3 for the action of ρ t (Γ) on H 3 , bounded by k planes F t i = (v t i ) ⊥ (here k = 6 so Γ is a right-angled hexagon group). The hexahedron P t becomes vertically more elongated as t → 0. The faces F t 1 , F t 2 , F t 3 are at the back.
Similarly, in order to prove Propositions 1.8.(b) and 1.6.(b), it is enough to color the faces of the regular (Euclidean) 120-cell with c + 1 = 5 colors so that adjacent faces receive different colors. This is a well-known construction which we briefly recall below.
The 120-cell can be described as follows. Let ϕ = √ 5+1 2 = 1.618 . . . be the golden ratio. Let w 1 . . . , w 120 ∈ R 4 be the unit vectors obtained from the rows of the matrix 1 2
by sign changes and even permutations of the four coordinates. We endow R 4 with its standard scalar product ·, · 4,0 . The affine hyperplanes (w i + w ⊥ i ) 1≤i≤120 cut out a regular 120-cell in R 4 . Cells of the 120-cell are regular dodecahedra, four of which meet at each vertex, and two cells share a (pentagonal) face if and only if the dual vectors w i , w j are neighbors, which means by definition that w i , w j 4,0 = ϕ/2. Each w i has 12 neighbors.
We now explain how to color the 120 vectors w i (i.e. the corresponding cells) with 5 colors, so that no two neighbors have the same color. Seen as unit quaternions, the w i form a group which maps surjectively, via the covering ψ : S 3 → SO(3), to the icosahedron group A 5 (even permutations on 5 symbols {0, 1, 2, 3, 4}) with kernel {1, −1}. We color each w i with the value σ(i) ∈ {0, 1, 2, 3, 4} that the associated permutation takes at the symbol 0. Any neighbors w i , w j always have different colors: indeed the corresponding permutations differ by a 5-cycle, since (1) The maps f t t produced by Proposition 5.1 above are not smooth, but continuous and piecewise projective. Similarly, the equivariant vector fields are not smooth, but they can be made smooth (while remaining uniformly contracting), e.g. by the equivariant convolution procedure described in [DGK1, § 5.5] . (2) If Γ is one of the reflection groups in Propositions 1.6 and 1.8, then Γ admits a finite-index, torsion-free subgroup Γ 1 , which is either a surface group (case (a)) or a 4-manifold group (case (b)). This bundle structure is smooth if the equivariant vector field is.
5.3.
A variant of Lemma 5.2. Later, in order to prove Theorem 3.6, we will need the following variant of Lemma 5.2, in which we endow the projective space P n (R) with its standard spherical metric: for all v, w ∈ R n+1 {0},
Lemma 5.4. Let (H t ) t≥0 be a family of smooth connected open subsets of P n (R). Suppose that ∂H t moves inwards with normal velocity ≥ 1 everywhere at t = 0. Let [a, b] ⊂ H 0 be a segment transverse to ∂H at both endpoints, containing points x, y in its interior. Let a t , b t be the endpoints
Proof. We may assume that a, x, y, b are lined up in this order. Let be that line, parametrized at unit speed for the spherical metric d P n (R) so that (a t , x, y, b t ) = (x −αt , x 0 , x δ , x βt ) for some δ > 0, and some α t , β t ∈ (0, π). By construction,
β t ≤ −1, and α 0 + β 0 < π. Then
The factor ν t ,x := (cot α t + cot β t )/2 expresses the Hilbert metric d [at,bt] near x in terms of the ambient spherical metric. Its logarithmic derivative
This is valid for all x ∈ : integrating along , the result follows.
Uniform spacelike contraction implies properness
In this section we prove Theorem 3.6. We fix p, q ∈ N with p + q ≥ 1 and set G = O(p, q + 1).
6.1. A preliminary lemma. We first make the following observations. For x ∈ H p,q , we denote by T +1
x H p,q the set of unit spacelike tangent vectors at x; it is isometric to the quadric {v ∈ R p,q | v, v p,q = +1}.
Lemma 6.1. Let Γ be a discrete group and ρ : Γ → O(p, q + 1) a representation with finite kernel and discrete image, preserving a nonempty properly convex open subset Ω of H p,q ⊂ P(R p,q+1 ). For any compact subset D of Ω,
(1) all accumulation points of the ρ(Γ)-orbit of D are contained in ∂H p,q ; (2) there exists a bounded family of compact sets
x H p,q , for x ranging over D, such that for all but finitely many γ ∈ Γ,
(3) in particular, if (γ n ) ∈ Γ N goes to infinity (i.e. leaves every finite subset of Γ), then for any sequences (
Proof.
(1) Suppose by contradiction that there are sequences (x n ) ∈ D N and (γ n ) ∈ Γ N such that the γ n are pairwise distinct and y n := ρ(γ n ) · x n converges to some y ∈ H p,q . We can lift the x n ∈ H p,q to vectors v n ∈ R p,q+1 with v n , v n p,q+1 = −1; both the v n and the ρ(γ n ) · v n stay in a compact subset of R p,q+1 and ρ(γ n ) · v n converges to a unit timelike vector v. On the other hand, since ρ has finite kernel and discrete image, there exists a basis vector w of R p,q+1 such that (ρ(γ n ) · w) n∈N leaves every compact subset of R p,q+1 . Up to passing to a subsequence, we may assume that the direction of ρ(γ n ) · w converges to some null direction . There exists ε > 0 such that all segments [v n − εw, v n + εw] ⊂ R p,q+1 {0} project to segments σ n contained in Ω. The images ρ(γ n ) · σ n , which are again contained in Ω, converge to the full projective line spanned by v and . This contradicts the proper convexity of Ω. Thus the ρ(Γ)-orbit of D does not have any accumulation point in H p,q .
(2) Let y ∈ ∂H p,q be an accumulation point of the orbit ρ(Γ) · D, and consider x ∈ D. Then y cannot be seen from x in a timelike direction since timelike geodesics do not meet ∂H p,q . It cannot be seen in a lightlike direction either: otherwise, the tangent plane to ∂H p,q at y contains the interval [x, y) ⊂ Ω, but any small perturbation [x , y) still lies in Ω -however x can be chosen so that this perturbation crosses ∂H p,q , which would contradict Ω ⊂ H p,q . Therefore y ∈ ∂H p,q is seen from x in a spacelike direction. We conclude using the compactness of the accumulation set.
(3) The third statement is an easy consequence of (1) and (2). 6.2. Properness for affine actions on g = o(p, q + 1). In order to prove Theorem 3.6.(2), the strategy is to use a "coarse" analogue of the proof of Theorem 3.3.(2) from Section 4.2: given a (ρ, u)-equivariant vector field X with contracting properties, we build an equivariant coarse projection π from g to some set on which Γ is known to act properly discontinuously. There are several possibilities for this set; one of the them is the set F(Γ) of finite subsets of Γ, endowed with the discrete topology and with the action of Γ by left multiplication. Theorem 3.6. (2) is an immediate consequence of the following.
Proposition 6.2. Let Γ be a discrete group, ρ : Γ → G = O(p, q + 1) a representation with finite kernel and discrete image, preserving a properly convex open subset Ω of H p,q , and u : Γ → g a ρ-cocycle. Choose x ∈ Ω and an equivariant family of norms · γ on T ρ(γ)·x H p,q , for γ ∈ Γ. Let X be a (ρ, u)-equivariant vector field on ρ(Γ) · x which is c-lipschitz in spacelike directions, for some c < 0. Then the map
(where we view g as the set of Killing vector fields on H p,q , see Section 2.3) is well defined and takes any compact set to a compact set. Moreover, π is equivariant with respect to the affine action of Γ on g via (ρ, u) and the action of Γ on F(Γ) by left multiplication. In particular, the affine action of Γ on g via (ρ, u) is properly discontinuous.
Proof. We first observe that for any a, b ∈ H p,q on a spacelike line and for any Z(a) ∈ T a H p,q and
where g p,q is the pseudo-Riemannian metric on H p,q as in Section 2.2, and v b a ∈ T +1 a H p,q is the unit vector at a pointing to b, and similarly for v a b .
Figure 3. Illustration of formula (6.1) By Lemma 6.1.(2), there is a compact set K x ⊂ T +1 x H p,q of spacelike directions in which the point x sees the points ρ(γ) · x for all γ ∈ Γ outside some finite set F . By compactness, there exists R > 0 such that g p,q
x (w, v) ≤ R w e for all w ∈ T x H p,q and v ∈ K x , where e denotes the identity element of Γ. Consider γ ∈ Γ (F ∪ F −1 ). By equivariance, ρ(γ) · x sees x in a spacelike direction in K ρ(γ)·x := ρ(γ) * K x , and g p,q ρ(γ)·x (w, v) ≤ R w γ for all w ∈ T ρ(γ)·x H p,q and v ∈ K ρ(γ)·x . Applying (6.1) with a = x and b = ρ(γ) · x, we obtain that for any vector field Z defined at both x and ρ(γ) · x,
Now consider Y ∈ g and take the vector field Z = X −Y on ρ(Γ)·x, which is c-lipschitz in spacelike directions. Since (x, ρ(γ)·x) are in spacelike position, by (3.1) we obtain
for all γ ∈ Γ (F ∪F −1 ). The term R (X −Y )(x) e is independent of γ and remains bounded as Y varies in a compact set, while the term
is independent of Y and goes to +∞ as γ goes to infinity in Γ, by Lemma 6.1.(3). This shows that π is well defined and takes compact sets to compact sets. The Γ-equivariance of π follows from that of the collection of norms · γ and from the identity
for all γ ∈ Γ, where Γ acts affinely on g via (ρ, u).
Since the action of Γ on F(Γ) by left multiplication is properly discontinuous, it follows from equivariance that the affine action of Γ on g via (ρ, u) is properly discontinuous.
Remark 6.3. Let Γ be a discrete group, ρ : Γ → G = O(p, q + 1) a representation with finite kernel and discrete image, preserving a properly convex open subset Ω of H p,q , and u : Γ → g a ρ-cocycle. Suppose Γ acts cocompactly on a ρ(Γ)-invariant subset O of Ω, and that there exist a (ρ, u)-equivariant vector field X on O and constants c < 0 and c ≥ 0 such that for any x, y ∈ O on a spacelike line,
Similarly to Proposition 6.2, we can then use Lemma 6.1 to construct a ((ρ, u), ρ)-equivariant map π : g −→ {compact subsets of O} sending any compact set to a compact set. This map is defined by choosing a ρ-equivariant family of norms · y on T y H p,q for y ∈ O, and sending any Y ∈ g to the set of y ∈ O that minimize (X − Y )(y) y . Proposition 6.2 is the case where O is a single orbit.
6.3. Properness for actions on G = O(p, q+1) by right and left multiplication. We now prove Theorem 3.6.(1), again using a coarse projection. We still denote by F(Γ) the set of finite subsets of Γ, endowed with the discrete topology. We use the notation · both for the standard Euclidean norm on R p,q+1 and for the corresponding operator norm on End(R p,q+1 ).
Proposition 6.4. Let Γ be a discrete group and ρ : Γ → G = O(p, q + 1) a representation with finite kernel and discrete image, preserving a nonempty properly convex open subset Ω of H p,q . Let ρ : Γ → G be a strongly irreducible representation such that ρ (Γ) contains a proximal element. If ρ is uniformly contracting in spacelike directions with respect to ρ, then the map
is well defined and takes any compact set to a compact set. Moreover, Π is equivariant with respect to the action of Γ on G by right and left multiplication via (ρ, ρ ) and the action of Γ on F(Γ) by left multiplication. In particular, the action of Γ on G by right and left multiplication via (ρ, ρ ) is properly discontinuous.
In order to prove Proposition 6.4, we need some preliminary results. For any 1 ≤ i ≤ p + q + 1 and any g ∈ End(R p,q+1 ), we denote by λ i (g) (resp. µ i (g)) the logarithm of the modulus of the i-th largest eigenvalue (resp. singular value) of g. We have µ 1 (g) = log g . An element g ∈ G is proximal if and only if λ 1 (g) > λ 2 (g). Note that λ i (g) = −λ p+q+2−i (g) for all i, which implies in particular that any proximal element g ∈ G = O(p, q + 1) has, not only an attracting fixed point, but also a repelling fixed point in P(R p,q+1 ); these points belong to ∂H p,q .
Our first preliminary result is the following.
Lemma 6.5. Let g ∈ G = O(p, q + 1) and let y ∈ H p,q .
(1) We have lim sup
(2) If g is proximal in P(R p,q+1 ), with attracting and repelling fixed points ξ ± g ∈ ∂H p,q , and if y /
(1) By writing the Jordan decomposition of g as the commuting product of a hyperbolic, a unipotent, and an elliptic element, we see that g n is bounded above by a polynomial times e nλ 1 (g) , hence so is v, g n v p,q+1 where [v] = y. We conclude using (2.2).
(2) Again, by (2.2), it suffices to study the growth of v, g n v p,q+1 where [v] = y. The projective hyperplane (ξ ± g ) ⊥ is the projectivization of the sum of the generalized eigenspaces of g for eigenvalues other than e ∓λ 1 (g) .
Therefore the assumption on y means that v, when decomposed over the generalized eigenspaces of g, has nonzero components v + , v − along ξ + g and ξ − g . These components are not orthogonal. In the pairing v, g n v p,q+1 , the term v − , g n v + p,q+1 = e nλ 1 (g) v − , v + p,q+1 therefore dominates all the others, and grows like e nλ 1 (g) as n → +∞. We conclude using (2.2).
We shall also use the following fact, obtained by combining a result of Th. 5 .17] with a small compactness argument of Benoist [Be, Lem. 2.4] .
Fact 6.6 ( [AMS1, Be] ). Let Γ be a discrete group and ρ : Γ → G = O(p, q + 1) a strongly irreducible representation such that ρ (Γ) contains a proximal element. Then there exist a finite set F ⊂ Γ and a constant C ρ > 0 such that for any γ ∈ Γ, we may find f ∈ F such that ρ (γf ) is proximal in P(R p,q+1 ) and satisfies λ 1 (ρ (γf )) ≥ µ 1 (ρ (γ)) − C ρ .
Lemma 6.7. Let Γ be a discrete group and ρ : Γ → G = O(p, q + 1) a representation with finite kernel and discrete image, preserving a nonempty properly convex open subset Ω of H p,q . Let ρ : Γ → G be a strongly irreducible representation such that ρ (Γ) contains a proximal element. If ρ is uniformly contracting in spacelike directions with respect to ρ, then there exist C < 1 and C ≥ 0 such that
Proof of Lemma 6.7.
(1) Let O be a ρ(Γ)-invariant subset of Ω and f : O → H p,q a (ρ, ρ )-equivariant map which is C-Lipschitz in spacelike directions for some C < 1. Consider γ ∈ Γ such that ρ (γ) is proximal in P(R p,q+1 ); in particular, λ 1 (ρ (γ)) > 0. Let H ± ⊂ R p,q+1 be the sum of the generalized eigenspaces of ρ (γ) for eigenvalues of modulus = e ∓λ 1 (ρ (γ)) . Suppose by contradiction that O) . Any irreducible component Z i of Z is contained either in H + or in H − , hence spans a proper subspace of R p,q+1 . The union of these subspaces is preserved by ρ (Γ), contradicting strong irreducibility. Therefore there exists x ∈ O such that f (x) / ∈ H + ∪ H − , and Lemma 6.5.(2) gives
On the other hand, by Lemma 6.1, for any large enough n ∈ N the points x and ρ(γ n )·x are on a spacelike line. Hence, by assumption on f , the number above is at most lim sup
where we use Lemma 6.5.
(1) for the last inequality.
(2) Let F and C ρ be given by Fact 6.6, and let
For any γ ∈ Γ, we can find f ∈ F such that ρ (γf ) is proximal in P(R p,q+1 ) and µ 1 (ρ (γ)) ≤ λ 1 (ρ (γf ))+C ρ . By (1), we have λ 1 (ρ (γf )) ≤ C λ 1 (ρ(γf )). For any g ∈ G we have µ 1 (g) = log g , hence µ 1 (g) ≥ λ 1 (g) and µ 1 (gg ) ≤ µ 1 (g) + µ 1 (g ) for all g, g ∈ G. We deduce
for g, g ∈ G is a G-invariant Finsler metric on X p,q+1 . Lemma 6.7.(2) states the existence of C < 1 and C > 0 such that for all γ ∈ Γ,
For any g ∈ G and γ ∈ Γ we have
Since ρ has finite kernel and discrete image, for any R > 0 there are only finitely many elements γ ∈ Γ such that d 1 (x 0 , ρ(γ) · x 0 ) ≤ R. We deduce that Π is well defined. Moreover, since the function µ 1 is continuous, we see that Π sends any compact set to a compact set. The Γ-equivariance is clear. Since the action of Γ on F(Γ) by left multiplication is properly discontinuous, it follows from equivariance that the action of Γ on G by right and left multiplication via (ρ, ρ ) is properly discontinuous.
Remark 6.8. Let Γ be a discrete group and ρ, ρ : Γ → G = O(p, q + 1) two representations, such that ρ has finite kernel and discrete image. Suppose Γ acts cocompactly on a ρ(Γ)-invariant subset O of X p,q+1 , and that there are
, and constants C < 1 and C ≥ 0 such that for all x, y ∈ O,
Extending Proposition 6.4, we can then construct a ((ρ, ρ ), ρ)-equivariant map Π : G −→ {compact subsets of O} sending any compact set to a compact set. This map is defined by sending any g ∈ G to the set of y ∈ O minimizing d(y, g −1 · f X (y)). Proposition 6.4 corresponds to O a single orbit and to d = d 1 .
Uniform spacelike contraction for right-angled Coxeter groups
In this section we prove Theorems 1.5 and 1.7 using the sufficient conditions for properness provided by Theorem 3.6.
In the whole section we fix a right-angled Coxeter group
where m i,i = 1 and m i,j ∈ {2, ∞} for all i = j. Recall that Γ is said to be irreducible if the generating set S = {γ 1 , . . . , γ k } cannot be written as a nontrivial disjoint union S = S S such that the groups generated by S and by S commute. In the whole section we assume Γ to be irreducible, and infinite (i.e. k ≥ 2).
7.1. The canonical representation and its deformations. The matrix M 1 = (− cos(π/m i,j )) 1≤i,j≤k (with the convention π/∞ = 0) is called the Gram matrix for Γ. It defines a (possibly degenerate) symmetric bilinear form ·, · 1 on R k . Let (e 1 , . . . , e k ) be the standard basis of R k . The canonical representation ρ 1 : Γ → GL(k, R) is defined by ρ 1 (γ i ) : x → x − 2 x, e i 1 e i for all generators γ i . Tits proved that ρ 1 is injective and discrete (see [H, Cor 5.4] or [Bo, § V.4] ) and acts as a reflection group on a convex open subset of P(R k ). Since the Coxeter group Γ is irreducible, the canonical representation is irreducible: see [Da, Cor. 6.12.8 ].
For t > 1, the matrix M t = (M t (i, j)) 1≤i,j≤k where M t (i, j) =    1 if m i,j = 1, i.e. i = j, 0 if m i,j = 2, −t if m i,j = ∞ still defines a symmetric bilinear form ·, · t on R k . Note that det(M t ) is a nonzero polynomial in t (take t = 0), hence it is nonzero outside of some finite set F of exceptional values of t. Let I ⊂ (1, +∞) F be an open interval. For any t ∈ I, the form ·, · t is nondegenerate of constant signature (p, q + 1) for some p, q ∈ N. We define the representation ρ t : Γ → Aut( ·, · t ) O(p, q + 1) by ρ t (γ i ) : v → v − 2 v, e i t e i for all i. It is immediate to check that for any i = j with m i,j = ∞, the element ρ t (γ i γ j ) is proximal in P(R k ). In particular, ρ t (Γ) is infinite and so p ≥ 1. The convex cone ∆ t = {v ∈ R k | v, e i t ≤ 0 ∀i} descends to a convex polytope ∆ t in an affine chart of P(R k ). By [V, Th. 2 & 5] , the representation ρ t is discrete, faithful, the set ρ t (Γ) · ∆ t is convex where the sum on the right is nonempty. Choosing a such that s ia is the smallest nonzero coefficient and using t > 1, this yields a contradiction.
Remark 7.3. Similar convex domains in H p,q were studied by Dyer [Dy] and Dyer-Hohlweg-Ripoll [DHR] in the context of Kac-Moody algebras. Although the language is somewhat different, it follows from their work that indeed Ω t is the interior of the orbit ρ t (Γ)Σ t of the truncated simplex. More specifically, ρ t (Γ)Σ t is the smallest convex set containing the closure of the attracting fixed points of ρ t (Γ).
Remark 7.4. The region ρ t (Γ)Σ t is a union of closed sets. In the case where Γ is word hyperbolic, ρ t (Γ)Σ t is a closed subset of H p,q and its only accumulation points lie on ∂H p,q . Indeed, the condition that no point of ∆ t with infinite stabilizer survives in Σ t can be shown to be equivalent to Moussong's criterion [Mo] for hyperbolicity of Γ. The action of Γ via ρ t is proper and cocompact, and indeed the subgroup ρ t (Γ) satisfies a notion of convex cocompactness in H p,q recently introduced in [DGK3] (see also [DGK4, DGK5] ).
7.3. Building contracting maps and cocycles. For t < t in I, let us build a (ρ t , ρ t )-equivariant map Ω t → H p,q t that is uniformly contracting in spacelike directions. (Note that this is the opposite direction from the (ρ t , ρ t )-equivariant maps of Section 5.)
Let ·, · t , ·, · 0 , and ·, · t be the symmetric bilinear forms on R k defined by the matrices M t , Id, and M −1 t respectively, and let ⊥, ⊥ 0 , and ⊥ refer to the corresponding notions of orthogonality. We have x, y t = M t x, M t y t for all x, y ∈ R k . The map M t thus takes the pair (Σ t , ·, · t ) to (Σ t , ·, · t ) where
The reflection walls of Σ t are the (M t e i ) ⊥ = e ⊥ 0 i : these are independent of t. Therefore Φ t t := M −1 t M t takes the reflecting walls of Σ t to those of Σ t ; in the commutative diagram
vertical arrows (but not horizontal ones) are isometric.
Claim 7.5. There exists c < 0 such that for t < t close enough, the top arrow Φ t t is e c |t−t | -Lipschitz in spacelike directions on Σ t .
because the points x i are lined up. It follows that the vector field X t = − d dt t=t f t t is c-lipschitz in spacelike directions. This vector field is ( ρ t , u t )-equivariant where u t : Γ → o(p, q + 1) is the ρ t -cocycle given by u t (γ) = d ds s=0 ρ t −s (γ) ρ t (γ) −1 .
Thus u t is uniformly contracting in spacelike directions with respect to ι −1 t (Ω t ). By Theorem 3.6.(2), the affine action of Γ on o(p, q+1) via ( ρ t , u t ) is proper, yielding Theorem 1.5, hence also Theorem 1.1.
Finally, integrating the contraction property of X τ for τ ∈ [t, t ] shows a posteriori that for any t < t in I the map f t t is e c|t−t | -Lipschitz in spacelike directions. Thus ρ t is uniformly contracting in spacelike directions with respect to ρ t and ι 
